Let C be a class of graphs closed under isomorphism and let C be obtained from C by arc anchorage. A concept of C-homogeneous graphs that include the C-ultrahomogeneous graphs is given, with the explicit construction of C-homogeneous graphs that are not C-ultrahomogeneous, via ordered pencils of binary projective spaces.
Introduction
Let G be a finite, undirected, simple graph, and let W 1 , W 2 be vertex subsets of G. In Gardiner's paper [3] , G is homogeneous (resp. ultrahomogeneous) if whenever the induced subgraphs X 1 = G[W 1 ], X 2 = G[W 2 ] are isomorphic, some isomorphism (resp. every isomorphism) of X 1 onto X 2 extends to an automorphism of G. Moreover, Gardiner gave an explicit characterization of the ultrahomogeneous graphs, using previous work of Sheehan [7] . In [6] , Ronse showed that every homogeneous graph is ultrahomogeneous.
Let C be a class of graphs closed under isomorphisms. In [5] , Isaksen et al. said that a graph G is C-ultrahomogeneous if every isomorphism between induced subgraphs belonging to C extends to an automorphism of G. We could find no reference to any corresponding notion of C-homogeneous graphs comparable with the C-ultrahomogeneous graphs of [5] , in the sense of Ronse's cited result [6] . In the present paper, the following notion of Chomogeneity anchored at arcs (ordered pairs of adjacent vertices) is considered. A graph G is C-homogeneous if for any two isomorphic induced subgraphs X 1 , X 2 ∈ C in G and arcs v 1 w 1 , v 2 w 2 of X 1 , X 2 , respectively, there exists an isomorphism f : X 1 → X 2 , with f (v 1 ) = v 2 and f (w 1 ) = w 2 , extending to an automorphism of G. If X 1 = X 2 , then X 1 , (and hence any graph in C), must be 1-arc transitive [4] . If C is the minimal class containing two nonisomorphic graphs X 1 and X 2 , then a C-homogeneous graph is { X 1 , X 2 }-homogeneous. For example, in [2] we obtained a {K 4 , K 2,2,2 }-ultrahomogeneous graph G 1 3 . This G 1 3 is { K 4 , K 2,2,2 }-homogeneous, for any C-ultrahomogeneous graph is C-homogeneous).
From now on, let (r, σ) ∈ Z 2 with r > 2 and σ ∈ (0, r − 1), unless otherwise mentioned. Let t = 2 σ+1 −1 and s = 2 r−σ−1 . Let K 2s be the complete graph on 2s vertices and T ts,t be the t-partite Turán graph on s vertices per part (a total of ts vertices). A construction we present below make us conjecture that there exists a connected { T ts,t , K 2s }-homogeneous graph G σ r that is not { T ts,t , K 2s }-ultrahomogeneous for r > 3. This construction is established for r ≤ 8 and ρ = r − σ ≤ 5.
The work of [5] dealt with the following four classes C: (A) the complete graphs; (B) their complements (the empty graphs); (C) the disjoint unions of complete graphs; (D) their complements (the complete multipartite graphs).
Our present attempt seems to be the first study of a more heterogeneous class C ′ , contained in (or even coinciding with) the union of the collections (A) and (D), (since K 2s is in (A) and K ts,t is in (D)).
Each proposed graph G σ r will coincide with some connected C ′ -homogeneous graph G expressible in a unique way, both as an edge-disjoint union U 1 of copies of X 1 = K 2s and as an edge union U 2 of copies of X 2 = T ts,t , and with: (a) the class C ′ minimal for the property of containing any copies of X 1 and X 2 ; (b) no more copies of X i in G than in U i , for i = 1, 2; (c) no two copies of X i in G sharing more than one vertex, for i = 1, 2; (d) each edge of G shared by just one copy of X 1 and one of X 2 , (edge-fastening).
Note that G is regular. Moreover, the number m i (G, v) = m i (G) of copies of X i incident to each vertex v of G is independent of v, for i = 1, 2. G will be said to be a homogeneous
-graph, where ℓ i = number of copies of X i in G and m i = m i (G), for i = 1, 2. Clearly, G is C ′ -homogeneous, or { X 1 , X 2 }-homogeneous. If G is C ′ -ultrahomogeneous, or {X 1 , X 2 }-ultrahomogeneous, then G is a ultrahomogeneous {X 1 }
It is not difficult to prove that the line graph of the n-cube is a ultrahomogeneous {K n } 2 2 n {K 2,2 } n−1 n(n−1)2 n−3 -graph, for 3 ≤ n ∈ Z. We could extend our definition above to say that the line graph of the 3-cube, the cuboctahedron, is a ultrahomogeneous
-graph, where min{m 1 , m 2 } > 2, then it is non-line-graphical: it cannot be a line graph of any other graph.
We pass to present the notions needed in order to define these graphs G σ r and establish their claimed properties. is denoted by the integer given by the hexadecimal read-out of the binary r-tuple a 0 a 1 . . . a r−1 , with the reading staring at the first nonzero a i , (i ∈ [0, r) ∩ Z), up to a r−1 . The resulting integers, representing the points of P r−1 2 , span Z ∩ (0, 2 r ), whose natural order is taken as an assumed order for P r−1 2 . In particular, we denote P by puncturing the first entry, (a 0 = 1), of its points, a 0 a 1 . . . a r−1 .
For example, we write P 2 2 ⊂ P 3 2 , represented by {1, . . . , 7} immersed into {1, . . . , f = 15} by sending 1 := 001 onto 1 := 0001; 2 := 010 onto 2 := 0010, etc., that is: by prefixing a zero to each 3-tuple. Now, puncturing the first entry from the 4-tuples of P 3 2 (and expressing the punctured entry between parentheses) yields: (0)001 as the direction of parallelism of the affine lines of A(3) with point sets {(1)000, (1)001}, {(1)010, (1)011}, {(1)100, (1)101}, {(1)110, (1)111}; these affine lines are denoted 89, ab, cd, ef , respectively.
Each one of the 2 r−2 − 1 (r − 3)-subspaces S of the initial copy of P r−2 2 in P r−1 2 yields two (r − 2)-subspaces of P r−1 2 : (A) an (r − 2)-subspace formed by the points of S and the complements in n of the points i ∈ P r−2 2 \S, namely the points n−i ; (B) an (r −2)-subspace formed by the point n = 2 r − 1, the points i of S and their complements n − i in n. For example, P In order to keep up notation, the empty set of P r−1 2 will be said to be a (−i)-subspace of P 
2 . Here, item 3. is needed only if (r, σ) = (3, 1), for it is implied by 1. 
where we may use, for σ = 1, the shorter notation shown to the right, without the symbol ∅ and the commas. The induced copies of K 4 in G 
The vertices of each such copy [U]
σ r of K 2s can be displayed as a product of arrays of subsets of the form
can be displayed as:
where {X i,j } has constant columns and each one of its rows as U = (∅, 2, 4, 6, 8, a, c, e), and where 
, where
and a Gaussian binomial coefficient. We start by establishing some properties of G σ r . The initial case is the main result of [2] , stating that the graph G 
copies of T ts,t (resp. K 2s ) and has exactly m 1 (resp. m 2 ) copies of T ts,t (resp. K 2s ) incident at each vertex, with no two such copies sharing more than one vertex and each edge of G in exactly one copy of T ts,t (resp. K 2s ).
Proof. The number of (σ − 1)-subspaces
. For each such composed by the third points in the lines determined by each pair of points b ∈ α and c ∈ β; here, it suffices to take such third points for some fixed b ∈ α and variable c ∈ β. Each transposition (α, β) will be denoted [θ α,β .χ α,β (α, β)], stressing on the subspace at infinity and affine difference associated to (α, β). (with no reference to lines at infinity or affine differences). The points of P r−1 2 which form part of θ and χ but are outside those pairs of parentheses, is obtained from such a φ by replacing each of the numbers in its entries by the floor of its ( . Let g ′ (π, α) be the ψ τ associated to φ τ . Some examples of triples (τ = g(π, α).g ′ (π, α), π, α) are, (in hexadecimal notation or its continuation in the English alphabet from 10 = a to 15 = f up to 31 = v), as follows:
and an (r − 2)-subspace α of P r−1 2
2 , let φ τ = h(π, α) be the product of the transpositions of the pairs of affine (σ − 1)-subspaces of P (C) Given a (σ −2)-subspace π of P
τ be the product of the transpositions of pairs of affine (σ − 1)-subspaces of P r−1 2 not contained in α, with (σ−2)-subspace at infinity contained in α and affine difference contained in α and containing π. Again, ψ τ = (). Some examples of (τ, π, α) here are: From the generators of N σ r presented in items (A)-(C) above, the following was established for r ≤ 8 via the software Magma and conjectured in general for r > 8. Theorem 3.1 For σ > 0 and ρ = r − σ > 1, (so that r > 2), let
Then, at least for r ≤ 8, the cardinality of N σ r is 2 A BC, where the last term in the sum expressing A differs from ρ − 3 only if ρ = 2.
On order and diameter of G σ r
In order to establish the properties of G σ r claimed in Remark (c) of Section 2, we need to estimate its order and diameter, for each (r, σ) ∈ Z 2 with r > 3 and σ ∈ (0, r − 1). The diameter of G 
Auxiliary graph H ρ
In the square graph (G σ r ) 2 , consider the graph H induced by W σ r . Clearly, v σ r ∈ V (H). Moreover, H depends only on ρ = r − σ, so we write H = H ρ . Furthermore,
Consider the case (r, σ) = (3, 1). We write B 1 = 23, B 2 = 45, B 3 = 67, independently of the entries that these pairs may occupy in a vertex of H 2 (= K 3,3 ). We assign to each vertex v of H 2 the permutation that maps the subindices i of the entries A i of v, (i = 1, 2, 3), into the subindices j of the pairs B j correspondingly filling those entries A i . This yields the following bijection from V (H 2 ) = W where each permutation on the right side of '→' is presented with its nontrivial cycles written, as usual, between parentheses and with the fixed points expressed in front and out of any pair of parentheses, for convenience of reference.
More generally, there is a bijection from V (H ρ ) onto a group H ρ of permutations of the point set of P ρ−1 2 . The elements of H ρ , that we will call A-permutations, form an auxiliary notation for the vertices of H ρ . Thus, we denote V (H ρ ) = H ρ . For example, v where each resulting A-permutation in V (H 3 ) is rewritten to the right, by expressing, from left to right and lexicographically, first the fixed points and then the cycles.
The three A-permutations in V (H 3 ) listed rightmost in the exemplified assignment above are of the form abc(de)(f g), where ade and af g are lines of P Initial examples of J ρ , with products indicated by dots '·', are J 2 =2(13)·3(12)=(132); J 3 =415(26)(37)·7(132)(645)=(1372456); J 4 =81239ab(4c)(5d)(6e)(7f )·f (1372456)(ec8dba9)=(137f 248d6c5ba9e); J 5 =g1234567hijklmn(8o)(9p)(aq)(br)(cs)(dt)(eu)(f v)· (137f 248d6c5ba9e)(usogtrnipjqklmh)= =(137f v248gt6codraklmhu)(5bnipes)(9jq). For ρ > 1, we define the type τ ρ (J ρ ) of J ρ as an expression showing the (parenthesized) lengths of the cycles composing J ρ , each one subindexed with its corresponding y. In the case of our four examples, we have:
Types of vertices of H ρ and type-distance relation
Let us see how the ds notation given above can be extended to the elements p(Q, a) of V (H ρ ), as in Subsection 4.1. We express the two-level expressions 
with the domination expressed, for each p(P ρ−2 2 , 1), by a pair of parentheses containing the length = 1 of the pivot b = 1 followed by the parenthesized lengths of the cycles it dominates. More generally, if v is of the form p(Q, a) in V (H ρ ), then we take τ ρ (v) = (1( (2) 2 ρ−2 )). This concept of domination will permit us to extend the initiated notion of type of an Apermutation. For example, the doubling provided by the embeddings Ψ ρ : 
Proof. I ρ has |F Iρ | = 2 ρ − 1 = m 1 , so (1) holds for I ρ because log 2 (1 + (2 ρ − 1)) = ρ. Adjacent to I ρ are the elements of the form p(Q, a), each of which has 2 ρ−1 − 1 fixed points, so (1) holds for the vertices at distance 1 from I ρ . Successively, the vertices at distance 2 from I ρ have 2 ρ−2 − 1 fixed points, and so on, inductively, until the A-permutations in V (H ρ ) have no fixed points, (J ρ included), and are at distance ρ from I ρ , so they satisfy (1), too.
Two-line notation for J ρ
Another way to look at J ρ is in its two-line, or relation, notation: and can be expressed by means of the function f defined by:
4.5 The other types at distance ρ from I ρ
The leftmost 2
, with fixed-point set ζ ρ and pivot f (j) ∈ ζ ρ , where j = 1, . . . , 2 ρ−1 − 1. The products J ρ .z(j), (j = 2, 4, 6, . . . , 2 ρ−1 − 2), yielding each a permutation w ρ (j) = J ρ .z(j), are at distance ρ from I ρ and produce pairwise different new types. Also, successive powers of these permutations w ρ (j) must be checked, in order to extract any remaining types at distance ρ from I ρ . We exemplify these observations for r = 3, 4, 5.
First, w 3 (2) = J 3 .z(2) = (1372456).437(15)(26) = (1376524), which is a 7-cycle with ds-companion cycle switched two positions to the right, that we indicate by defining type τ 3 (w 3 (2)) = (7 2 ). Summarizing this, we have:
Moreover, τ 3 (w 3 (2)) = τ 3 ((w 3 (2)) 2 ) = . . . = τ 3 ((w 3 (2)) 6 ) = (7 2 ), but (w 3 (2)) 7 is the identity permutation, whose type is (1) . So, taking powers of w 3 (2) did not contribute any new types.
For ρ = 3, an extension of τ ρ takes place, in which the domination of a transposition by its pivot extends to the domination of a cycle by another cycle, shown parenthesized as in Subsections 4.2-3. (More examples in Subsection 4.6). A special case, present in the remaining examples of this section, is via a c 1 -cycle C 1 dominating a c 2 -cycle C 2 which in turn dominates a c 3 -cycle C 3 , and so on, until a c x -cycle C x dominates C 1 , so that a super-cycle (C 1 , C 2 , . . . , C x ) appears. The type of the resulting permutation (or permutation factor) is taken as (c 1 (c 2 (c 3 (. . . (c x ( y ) . . .))))), where y, appearing as a subindex between the innermost parentheses, is obtained by aligning C 1 , C 2 , . . ., C x and their respective ds-companion cycles D 1 , D 2 , . . ., D x so that each dominated ds-companion cycle D i+1 is presented in the same order as its dominating cycle C i , for i = 1, . . . , x. In this disposition, y is the shift of the ds-companion cycle of C 1 with respect to its dominating cycle C x .
For example, the values of w 4 (j) and the types τ 4 (w 4 (j)), for j = 2, 4, 6, are as follows:
Powers of w 4 (2) yield new types:
The type (3 1 ) 5 here still represents a permutation at maximum distance = 4 from I 4 . However, the type (1( (2) 2 )) 3 has distance 2 from I 4 . Subsequent powers of these w 4 (j)'s, (j = 2, 4, 6), do not yield new types of elements of V (H 4 ).
We present the A-permutations w 5 (2i), (1 ≤ i ≤ 6), and their types: 
Types at distances < ρ from I ρ
We notice that: (a) for j = 1, 3, . . . , 2 ρ−1 − 1, the elements w ρ (j) = J ρ .z(j) of V (H ρ ) are at distance ρ − 1 from I ρ and provide pairwise different new types; (b) if successive powers of these w ρ (j)'s are taken, they must be at distances < ρ − 1 from I ρ and may provide new types of A-permutations. We exemplify these observations for ρ = 3, 4, 5. First, we have: 
The square of w 3 (1) still preserves its type. However, (w 3 (3)) 2 = 624(17)(35) = p(624, 6). Thus, τ 3 ((w 3 (3))
2 ) = (1( (2) 2 )). Also, it can be seen that w 4 (2i + 1) has types
(1 (2(4((4) 2 ) ))), (7 3 (7)), (7 5 (7)), (1(2))(3 1 ((3)(6))),
for i = 0, 1, 2, 3, respectively. By taking the squares of these permutations, we get that (w 4 (3)) 2 and (w 4 (5)) 2 preserve the respective types of w 4 (3) and w 4 (5), while it is seen that the types of w 4 (1) and w 4 (7) are (3 1 ((3) 3 ) ), respectively, the first one of which was seen in Subsection 4.5. Finally, it can be seen that w 5 (2i + 1) has types (5( (5)(5((5)(5(5)( 1 )))))), (1(2))(7 2 (7(14))),
(1(2))(7 4 (7(14))), (3(3))(6((6)(6(6)))),
(1(2(4)))(3(3(6(12)))), (15 11 (15)), (15 3 (15)), (1 (2(4(8)4(8)) ), for i = 0, . . . , 7, respectively.
The objective of this subsection is to establish a set of representatives of the cosets of V (H ρ ) mod V (H ρ−1 ), which we do here for ρ ≤ 5 and conjecture for ρ > 5. First, we define a type τ 8(16((16(32) ) 2 ))) 2 ))))), =(1(2(4((4(8(16((16(32(64))) 2 ))) 2 ))))), ... =...... and each x ρ ∈ P ρ−2 2 \X ρ , (X ρ = {m 1 − x 3 : x ρ ∈ X ρ }): take the fixed point of α ρ as the smallest point inX ρ ; take the 2-cycle of α ρ , with (m 1 − x ρ ) as ds, containing (m 1 − x ρ ) and dominating a 4-cycle containing m 1 ; subsequent pairs, The representatives of the cosets of V (H ρ ) mod V (H ρ−1 ) presented above will be called the selected coset representatives of V (H ρ ).
Theorem 4.2
The A-permutations in a fixed category x ∈ {(a), . . . , (e)} are in 1-1 correspondence with the cosets of V (H ρ ) they determine mod V (H ρ−1 ), at least for ρ ≤ 5. Thus, they can effectively be referred without confusion as the selected coset representatives of V (H ρ ). Moreover, any such coset has the same number N ρ (x) of A-permutations in each type τ ρ . Thus, the distribution of types in a coset of V (H ρ ) mod V (H ρ−1 ) generated by an A-permutation in x depends solely on x.
Proof. The selection of the five categories (a)-(e) is effective for producing specific representatives of distinct classes of V (H ρ ) mod V (H ρ−1 ), because the symbol m 1 = 2 ρ − 1 is placed once in each strategic position, while setting the remaining entries and difference symbols to yield tightly different situations, and yet covering each coset just once. On the other hand, the representatives in each category are equivalent with respect to the structure of the cosets of P ρ−1 2 mod P ρ−2 2 that yields the classes of V (H ρ ) mod V (H ρ−1 ). Thus, each of these cosets has the same number of representatives, in particular in each type τ ρ . 
Order and diameter of G

